Abstract. In this paper we study the second fundamental form of translation surfaces in E 3 . We give a non-existence result for polynomial translation surfaces in E 3 with vanishing second Gaussian curvature K II . We classify those translation surfaces for which K II and H are proportional. Finally we obtain that there are no II-minimal translation surfaces in the Euclidean 3-space.
Introduction
Given a surface M immersed in Euclidean 3-space, the knowledge of its first fundamental form I and its second fundamental form II facilitates the analysis and the classification of surface shape. I is an intrinsic object of the surface that measures the amount of movement of M at a point of the surface in which is expressed, being invariant to translations and rotations of the surface in ambient 3-space. Concerning the second fundamental form II, it is an extrinsic tool to characterize the twist of the surface in the ambient. However, it is dependent on the position of the surface in the ambient 3-space.
Over the years, the geometry of the second fundamental form II has been a popular topic for many researchers. Very recent results concerning the curvature properties associated to II and other variational aspects can be found in [11] . It is a basic fact that we can talk about characteristics of M measured by means of its second fundamental form only when it can be considered a metric tensor on the surface. It is easy to see that II is a metric tensor on M if and only if it is non-degenerate. From [10] we get the following criterion for non-degeneracy of II: The second fundamental form II of M is non-degenerate if and only if M is non-developable.
At this point, on a non-developable surface M we can consider the second fundamental form II as a new Riemannian metric on M and the second Gaussian curvature (respectively second mean curvature), denoted by K II (respectively by H II ), is nothing else but the Gaussian curvature (resp., mean curvature) of (M, II). Several formulae for K II , or in generally the scalar curvature of the second fundamental form of a hypersurface in a Semi-Riemannian space with a nondegenerate II, in different ambient spaces can de found in [11] . (See also References in [11] .) Regarding the second mean curvature, the critical points of the area functional of the second fundamental form are those surfaces for which the mean curvature of the second fundamental form H II vanishes (see [11] ). With all these results in mind, two important properties follow immediately as it is shown in the definition mentioned in [10] : A non-developable surface is said to be II − f lat if K II = 0 and respectively II − minimal if H II = 0.
The aim of this article is to study the translation surfaces in Euclidean 3-space from the point of view of their second fundamental form, namely their properties involving K II and H II . Also some important observations concerning a particular type of translation surfaces, the polynomial translation surfaces in E 3 will be made. By definition, a translation surface in E 3 is given locally by an immersion r :
, where f and g are smooth functions. These surfaces are important either because they are interesting themselves or because they furnish counterexamples for some problems (e.g. it is a known fact that a minimal surface has vanishing second Gaussian curvature but not conversely -see for details [2] ).
For the rest of this paper we call polynomial translation surfaces (in short, PT surfaces) those translation surfaces for which f and g are polynomials (see also [9] ). For technological applications in which different surfaces are needed (such as Computed Aided Manufacturing) polynomial forms are preferred since they may be incorporated into the CAD software in order to be easily processed by numerical computations.
Next section is dedicated to the study of the II-flat PT surfaces, where we formulate the classification theorem. Section 3 includes the main theorems concerning the translation surfaces and PT surfaces which satisfy a relation of type K II = λH. These surfaces are called generalized Weingarten surfaces (See for details [10] ). The last section presents some results involving the II-minimality property of translation surfaces.
II-flat PT Surfaces
In this section we deal with Riemannian surfaces in Euclidean 3-space E 3 having positive definite second fundamental form II. One may associate to such a surface M geometrical objects measured by means of its second fundamental form, as second mean curvature H II and second Gaussian curvature K II , respectively.
Further we study the polynomial translation surfaces (PT surfaces in short) with vanishing second Gaussian curvature in E 3 . By definition (see [9] ), a PT surface M is given by an immersion
where f and g are polynomial functions. The first fundamental form I of the surface M is defined by
where E =< r u , r u >, F =< r u , r v >, G =< r v , r v > are the coefficients of I, with <, > denoting the scalar product in E 3 and r u = ∂r(u,v)
∂u . The second fundamental form II of M is given by
In our case, denoting f ′ by α and g ′ by β, the first fundamental form I and the second fundamental form II have the following expressions:
A this point one can immediately compute the Gaussian and the mean curvature using the formulas
and gets in the case of translation surfaces
Furthermore, using the formula of the second Gaussian curvature, a similar one to Brioschi's formula for the Gaussian curvature, obtained replacing the components of the first fundamental form E, F , G by those of the second fundamental form e, f , g one gets for the translation surfaces with previous notations
It turns out that we have to find those polynomials α and β of degree m, respectively n, so that num = 0 in (4) . At this point let us consider
where a m and b n are different from 0. Replacing α and β in (4) we obtain a polynomial expression in u and v vanishing identically. This means that all the coefficients are 0.
Let us distinguish several cases:
The dominant term corresponds to u 4m−2 v n−1 and it comes from −2α
This case can be treated in similar way. c. Suppose m = n(≥ 2) Analogously, this case cannot occur.
Case 2: m > n = 1, i.e. β = av + b with a, b ∈ R and a = 0. We rewrite the condition num = 0 in (4) in the following way
Using the same idea like in Case 1, we analyze the terms of maximum degree in u, namely u 4m−2 , which comes from the expression −2aα(u) (5) The subcase m = n = 1, treated in similar way, still can not occur.
is a polynomial of degree 0, namely is constant, the condition num = 0 is automatically satisfied. The parametrization of the PT surface with vanishing second Gaussian curvature can be written in one of the following forms
where f and g are arbitrary polynomials, a ∈ R (it can also vanishes). These two surfaces (given by (6) and (7)) are both cylinders. Recall that if the second fundamental form for a surface is degenerated it is not possible to define the second Gaussian curvature.
At this point we formulate the following non-existence result Theorem 1. There are not II-flat polynomial translation surfaces (i.e. with vanishing second Gaussian curvature).
Until now we studied PT surfaces. Inspired from the example given by Blair in [2] and mentioned in Introduction, we analyze other types of translation surfaces, involving power functions, i.e. α = au p and β = bv q with a, b ∈ R, a, b = 0 and p, q ∈ Q.
Remark that because we deal with rational numbers p and q, we have to restrict the coordinate functions to be positive. The condition for vanishing second Gaussian curvature becomes:
Again, using the same technique proposed before in this article, we analyze expression (8) and the only possible case is for degrees p = q = 1 3 , which implies the additional condition for coefficients, a = −b. We get the surface M given by the parametrization
We remark that, up to the multiplication factor c, the example given by Blair is the only one translation surface of this type with vanishing second Gaussian curvature.
Proposition 2. The only translation surfaces given by an immersion (1) where f and g are this time power functions with vanishing second Gaussian curvature can be parametrized by (9).
{K II , H} -Generalized Weingarten translation surfaces
If A, B are two different type curvatures of a (nondevelopable) surface, and if there is a nontrivial functional relation between A and B, then the surface is called an {A, B} -generalized Weingarten surface. See for details [10] .
Among all these surfaces we are interested to study those involving the second Gaussian curvature K II and the mean curvature H.
3.1. K II = H. As we have already mentioned in the Introduction, one interesting property intensively studied in last years for different types of surfaces, is K II = H. In this subsection we investigate the translation surfaces having this property.
Using the previous results, from (3) and (4) the relation
is equivalent with
We remark that some terms cancel in (10) and then, dividing by α ′ β ′ = 0 we get
Now, after successive derivations with respect to u and v in (11) one gets
which is equivalent to
Observing now that the two members in (12) are functions of u, respectively of v, thus the equality holds only in the case in which both members are real constants, namely:
A first integration yields αα
where d 1 , d 2 ∈ R are integration constants. A second integration leads to two ODE's fulfilled by α and β, namely 2α ′ = −cα 2 + 2d 1 ln |α| + 2m 1 and 2β
In order to solve these equations we distinguish the following cases concerning the real constants involved in the previous expressions.
Case 1. First, let's suppose that c = 0. Replacing the expressions from (13) in (11) we obtain that α and β must satisfy
where
We remark that in (14) we have a sum of two functions depending on u respectively on v, hence they are constants having opposite signs. More precisely, the following relations hold considering the integration constants equal to zero, fact which is equivalent to a possible translation of the parameters.
Case 2. Let's suppose now that c = 0. In the same manner, by straightforward computations we get again that α and β should be real constants.
Recall the fact that, at a certain moment, we divided by α ′ β ′ = 0.
We ask now what happens when α ′ = 0 or β ′ = 0? We immediately obtain that K II = 0. Having in mind K II = H we get α ′ = β ′ = 0. The surface is parametrized by
which is a (portion of a) plane, having degenerated second fundamental form. So, this case cannot occur. Now, we can state the following theorem:
Theorem 3. The only translation surfaces with non-degenerate second fundamental form having the property K II = H are given, up to a rigid motion of R 3 , by
More, we remark that (16) is the parametrization of a Scherk type surface, so we have
We are wondering what happens in the general case
for translation surfaces given by parametrization (1).
Following the same idea as in the previous case for λ = 1, using the formulae (3) and (4) the relation (17) becomes equivalent with
Dividing by α ′ β ′ (18) implies that
After successive derivations with respect to u and v in (19) one gets
Using the same technique as in subsection 3.1, notice that the previous equality can occur only when both sides are equal with the same real constant denoted by µ, that means we have
After a first integration one obtains
where ν 1 and ν 2 are integration constants.
Then, a second integration yields two ODE's fulfilled by α and β, analogously with equations (13), namely
where τ 1 and τ 2 are integration constants. Clearly, λ = 2.
In the most general case, considering that all the integration constants are different form zero and replacing (20) and (21) in (19) we get the following expressions satisfied by α and β:
It is easy to remark that (22) is a sum of two functions, one depending on u, the second depending on v. Consequently, the equality holds if these functions are respectively plus and minus a constant. More, at this point, the algebraic equations we obtained, having the coefficients different from zero, have a finite number of solutions. This means that α and β are constants, case in which the second fundamental form is degenerate. So the situation cannot occur.
Further, we analyze the case when all the coefficients in the two algebraic equations are identically zero, namely
Recall that λ ∈ R \ {1, 2}, so (23) yields
Replacing these expressions in (21) we get
(α 2 + 1) and
We can state the following theorem. Proof. After a straightforward computation we conclude with p = ν1 2−2λ = 0, since ν 1 cannot be zero. Otherwise, if ν 1 = 0, then ν 2 = µ = 0 and the second fundamental form would be degenerated, which is false.
3.3. K II = 2H. In this subsection we deal with λ = 2. Making similar computations as in the general case, one gets that (19) is equivalent with
Hence, using the same strategy as so far, there exists ν ∈ R such that −2α ′ + αα ′′ α ′ = ν and −2β ′ + ββ ′′ β ′ = −ν, which yield, after a first integration,
where τ 1 , τ 2 are real constants.
In order to solve these ODE's we analyze the following cases:
Rewrite previous relations in the form α
At this point we distinguish some different cases involving the signs of ν τ 1 and ν τ 2 .
Denoting (27) are equivalent with
Integrating, we get two solutions for α, namely α = −ρ coth(ρτ 1 u), respectively α = −ρ tanh(ρτ 1 u), and β = η tan(ητ 2 v), by considering the integration constants equal to zero. Finally, we obtain the functions f and g from the parametrization (1)
and g(v) = − 1 τ 2 log(cos(ητ 2 v)).
Denoting p := ρτ 1 and q := ητ 2 , we conclude this subcase with two type of translation surfaces, namely
Note that for all the rest of the situations, the coefficients p and q have the same significance. The other situations can be treated in similar way, and we will relieve only the main results.
, equations (27) are equivalent with
Integrating two times we obtain the parametrization (1)
Performing same steps, the parametrization of the surface is given by
Solving these ODE's and integrating again, the parametrization of the surface is given by
Remark that Subcase 1.4 is similar to Subcase 1.1.
Throughout this subsection the domains of definition for the parameters u and v are chosen such that all expressions are well defined, even that we do not mention explicitly this fact.
Substituting in (27) one gets α ′ = − ν 2 and β ′ = ν 2 . Integrating twice, and re-denoting the constants we obtain the hyperbolic paraboloid
We can state the main theorem in the case K II = 2H.
Theorem 5. The only translation surfaces with non-degenerate second fundamental form having the property K II = 2H are given, up to a rigid motion of R 3 , by i) parametrizations (28) -(36); ii) parametrization (37) of a hyperbolic paraboloid.
Proof. As we have already seen item (i) occurs if τ 1 , τ 2 = 0. The second item holds if both τ 1 and τ 2 vanish.
Concerning the case of polynomial translation surfaces we conclude with Theorem 6. The only PT surfaces satisfying the relation K II = λH are given by the hyperbolic paraboloids parametrized by (37), case in which λ = 2.
Proof. The statement is a consequence of the previous theorems.
II-minimal translation surfaces
Similar to the variational characterization of the mean curvature H, the curvature of the second fundamental form, denoted by H II is introduced as a measure for the rate of change of the IIarea under a normal deformation. For details see [5] . In this section we analyze II-minimal translation surfaces with non-degenerate second fundamental form, namely we study under which conditions the second mean curvature vanishes, i.e. H II = 0. Having in mind the usual technique for computing the second mean curvature by using the normal variation of the area functional one gets
where ∆ II is the Laplacian for functions computed with respect to the second fundamental form as metric. H II can be equivalently expressed as
Here II denotes the second fundamental form defined in Section 2, (h ij ) is the associated matrix with its inverse (h ij ), the indices i, j belong to {1, 2} and the parameters u 1 , u 2 are u, respectively v from the parametrization (1). Moreover, II becomes a metric on the surface if it is non-degenerated. The inverse matrix (h ij ) has the following expression
where K and H denote the usual Gaussian, respectively mean curvatures of our surface. After straightforward computations, the sum in (38) becomes:
We are interested to find II-minimal translation surfaces in the Euclidean 3-space. Having now all the necessary tools, the condition H II = 0 for a translation surface is equivalent to
The first two terms in (39) are functions only of u respectively of v, hence we derive in the previous equation successively with respect to u and v.
After straightforward computations and multiplying with
Repeating the same operations, namely the two partial derivatives and the division by 4αα ′ ββ ′ one gets
Finally, using the same technique, we should have
Solving the above equations we obtain A(u) = cα 2 + d 1 and B(v) = −cβ 2 + d 2 . Replacing these expressions in the previous ODEs we find that
In order to determine all these integration constants, we substitute the corresponding expressions in (41), obtaining a sum of polynomials in α and β equals to 0. This means that there exists ξ ∈ R such that 
Let us take a look in (40). By the same reasoning as above we deduce (3ξ + 10τ 1 − 8τ 2 )α 2 − 8τ 1 = η (−3ξ − 8τ 1 + 10τ 2 )β 2 − 8τ 2 = −η for an arbitrary η ∈ R. Moreover, the integration constants should be τ 1 = − . Finally α and β must satisfy also the condition (39). After straightforward computations it follows that η = ξ = 0.
The conclusion is α ′ = β ′ = 0, which cannot occur since if this happened the second fundamental form would vanish identically. Hence the second mean curvature is not defined and we end this section with the following non-existence theorem Theorem 7. There are not II-minimal translation surfaces in Euclidean 3-space.
Appendix
We conclude this paper with some figures realized with Mathematica 5.0 representing surfaces obtained in the classification Theorem 5: 
